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Pmplc oficn interact in ongoing relationships. For example, most emphoy--
ent relationships last a long time, Countries compering over tariff levels:
know that they will be affected Ly cach others’ policies far mito.the furure,
Fiems in an indusiry recognize that they are not playing 4 static game but one:
in which they compete every day Over time. Tn all of these dynamic sitpations,.
the way in which a party behaves atany given time is influenced by what this.
party and others did in the past. In other words, players condition their deci-
sions on the history of their relationship. An employee may choose to work
ditigently only ifhis employer gave him a good honus in
One gountry may sef a low import tariff only if its trading partners had mait-
tained fow tariffs in the past. A firm may eleet to match ity COMPELLoTs Price. -
by setting its price aach day equal to the cumpetitor’s -pﬁc;-_nf-ﬂ:é.pr_ﬁc‘edﬁﬁ
day. _ :
When deciding how to behave in an ongowg relatio
sider how one’s behavior will influence the actions of others in he future. -
Suppose 1 am one of your employees and that our history is one of cooperd: -
tion: since you hired me. 1 have been a loyal and hard-working employee anl
you have given Mg a generous bonus ench month (above my salary). Today -
1 am considering whether to work hard or. alternatively, negleet my duties in-
favor of playing video games on the office gomputer. For me, shirking has an-
immiediate reward—1 get fo avoid expending effort on the job. However, you-
will soon learn of my indolence. gither through your monitoring activities or-
through an observed decrcase 1f My pmduﬁ_ﬁuitj,r,._}'m;fﬁ;r_uji'é'bﬂmvfm' {in par-
= influenced.

ricular; whether to give me bonuses each month) miay very well be
“by what Fdo roday. ' g
For instance, after o
continue my monthly bonus. You

bserving that I have shirked. you might choose o dis-
might say to yourself, "By misbehaving,
Werson has lost my trust, | doubt that he will work diligently ever again and
thereforc 1 will puy him no more bonuses.” Aaticipating sucha response. | Tty
_dﬂaide-mﬁt'apfﬁd_iﬁg the day playing che '
in New Zealand is not such a zood ided. Neglecting my duties may yield an-
immediate gain (relaxation today}, but it beiads o a g
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{rio more bonuses each month), As this story suggests, people sometimes have
an incentive o forego small immediate gains because of the threat of future
retaliation by others.

The term “regutation” is often used to describe how 4 person’s past actions
affect future beliefs and behavior, If 1 have always worked diligently on the job,
one would say that |have “established a reputation for being a hard worker.”
I ] shirk today. then wmorrow people would say that 1 have “destroyed my
good repufation.” Often, those who nurture good reputations are trusted and
rewarded: people with bad reputations are punished. As the employment story
indicates. the concern for reputation may motivate parties to cooperate with
one another, even if such behavior requires foregoing short-term gains. One
of the great achievements of game theory is that it provides a framework for
understanding how such a reputation mechanism can support coaperation.

The best way to study the interaction between immediate gains and fong-
term incentives is to examine a vepeated game. A repeated pame is played over
discrete periods of time (period |, peried 2. and so-on). We let 1 denote any
given period and let T denite the total number of periods in the repeated game.
T can be-a finite number or it can be infinity, which means the players interact
perpetually over time. In each period, the players play a static itage gaine,
whereby they simultancously and independently sglect actions. These actions
lead o a stage-game payolf for the players. The stage game can be denoted
by [A,u), where A = A} = A; x --- x A, is the set of action profiles and
ui{a) is player i s stage-game payoff when profile a is played, The same stage
guime is played in each period. Furthermore, we assume that, in each period r,
the players have observed the fistory of play—that is, the sequence of action
profiles—{rom the first period through period £ — L The payoff of the entire
game is defined as the sum of the stage-game payolfs in periods | through T.

A TWO-PCRIOD REPEATED GAME

== e

Suppose players | and 2 interact over two periods, called penods [ and 2 (so
T = 2} Liv each period, they play the stage game depicted in Figure 22.1 on
the next page. Assume that the payoff for the entite game is the sum of the
stage-game payolfs in the two periods. For instance, if (A, X) is played in the
first period and (B. Y} is played in the second period, then player |'s payolT is

442 = 6 and player 2's payoff is 3+ 1 = 4. Figure 22.2(a} graphs the set of

aometinmes a-discount Tagor s osed o represent the facl thal the players discounl the hslure. Recall the
analy=is ol discotiating in Chuplar £5,
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possible repeated game payolls. Every point on the graph corresponds to the
sum of two slage-game payoff vectors. For example, the payoff vector (3, 3)
can be attained if (A, Z) is played in the first period and (B, Y) is played in the
second period; the same payoff results il (B, Y) is played in the first period,
followed by (AL 2},

This two-period repeated game has a large extensive-form representation,
<o | have not drawd it here, The extensive form starts with simultaneous se-
lection of actions in the first period: player 1 chooses between A and B while
player 2 selects X, Y. or Z. Then, having observed each other's first-period ac-
tions, the players again select from (A, B} and {X, Y, Z}. Because edch player
knows what happened in the first period, his choice in the second period can be
conditioned on this information. For example, player 1 may decide to pick A
in the second period il and only i (A, X) or (B, Y} was played in the first pe-
rind; otherwise, he picks B. As usual, the players’ information is represented
by information sets, Because there are six possible oitteomes of first-period
interaction. each player has six information ses in the second period. In other
words, each player has six decisions to make in period 2: ‘what o do if the
outcome of period 1 was (A, X), what to do if the outcome of period 1 was

i
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A Two-Period Repeated Game

FIGURE 22.3
The subgame
toliowing (A 243

(A, Y), and so forth. It is complicated, 1sn't it? Do not worry—-the analysis 15
actuatly very simple.

Tust kidding. This game has a large set of stratepies, making the analysis
of rationality a bit daunting. However, the analysis 15 quite illuminating; so
read on. Let us look for pure-strategy, subgame perfect Nash equilibria. We
can simplify the search by recognizing ong important thing: every eguilibrium
must specify that, in the second period, the players select an action profile that
is a Nuash eguilibriom of the stage game,

To see why this is so, recall that subgame perfection requires equilibrivin
in every subgame. In the repeated game at hand. a different subgame 15 ink
iiated following every different action profile in period 1. For example, cons
sider what happens in the event that the players chuose (A, Z) in the first pe-
fod. Then, knowing that {A, Z) was the outcome of first-period interaction,
the players proceed to  subgame in which they simultaneously select actions
asain. Their total payoff will be (1, 4) plus whatever the payoff vector is in the
second play of the stage game. Thus, foliowing the play of (A, Z) in the first
period, the subgame is described by the malrix in Figure 22.3. 1 constructed
this mairix by adding the payoff vector (1,4) to cach of the cells in the stage
game (compare Figures 22.1 andl 22.3) You should verify that the subgame has
two Nash equilibria, (B, Y and (A, 2. Therefore, a subgame perfect equilib-
rigm mast specify that either (B, Y) or (A, Z) be played in the second period
if (A, Z) is plaved in the first period.

We can say more, Because the subgame matrix 1s formed by adding the
same payotl vector to each cell of the stage-game matrix, the players’ prefer-
ences over action profiles in the subgame are exacily the same as their pref-
erences in an isolated play of the stage game. In other words, the subgame
and the stage game have exactly the same Nash equilibria.” In fact, every sub-
game starting in period 2 has the same set of Mash equilibria, because these
oames have matrices like that in Figure 22.3—whert the stagc-game payoti
in the first period is added to every cell of the stage game. Another way of

2y should verify that (A, Zb und (B, Y0 are the Nash eguilibria of the sige games,

13
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21: Repeated Games and Reputation

thinking about this is that, once the first period is over, the puyoffs from the
first period are sunk. Whatever the players obtain in the second period, it is
in addition w what they have already received in the first. Thus a subgame
]:serfecr equilibrivm must specify that the players selEc@Was;h equilibrium
in the stage gﬂmc in period 2, whatever happens in perfod 1. To save ink, 1
use the phrase “stage Nash profile” to refer to u Nash equilibrium in the stage
Fame.

Knowing that a stage Nash profile will be played in the second peried,
we can turn our attention to two other matters: (1) action choices in the first
period and (2) how behavior in the first period determines which of the two
stuge Nash equilibria will be played in the sccond period.

First consider subgame perfect equ'ﬂi’r:nria that specify that a stage Nash
profile be played in the first period (as well as in the second). Here is one such
strategy profile: the players are instructed to choose action profile (A, Z) in the
first period and then, regardless of the outcome of the first period, they are 16
choose (A, Z) in the second period. Because each player has six information
sets in the second period (six potential decisions (o make). the phrase “regard-
less of the outcome of the first period” is crucial; it means that, even if one or
both of the players deviates from (A, Z) in the first period, they are supposed
to play (A, Z) in the second. You can easily verity that this strategy profile is
a subgame perfect equilibrium—neither player can gain by deviating in either
ar both periods, given the other player’s strategy. In this equilibrivm, player |
obtains | + 1 = 2 and player 2 gets 4 + 4 = 8. This payoff vector is one of
those boxed in Figure 22.2(b).

Any combination of stage Nash profiles can be suppored us 2 subgame
perfect equilibrium outcome. For example, “choose (A, Z) in the first period
and then, regardless of the first-period cutcome, choose (B, Y) in the second
period” is a subgame perfect equilibrium; it yields the payoft vector (3, 3).
The pa}'uﬁs m“ ethhna that specify stage Nash pmﬁlﬂs in bﬂt‘h permds are
of stage Nush pmﬁ]ec. und verifying that the associated athh_ﬂu:_t_r pa}'ﬁffh
are boxed in Figure 22.2(b). As the example intimates, the following general
resull holds:

Result: Consider any repeated game. Any sequence of stage Nash pro-

files can be supported s the outcome of a subgame perfect Nash equi-

libriam,

Tt probably does not surprise you il stage Naush profiles tan be supported

s equilibrium play, A more interesting question is whether there are equilibria

stipulating actions that are nof stage Nash profiles. In fact, the answer is “yes,”
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4% the two-pertod example at hand illustrates. Consider the following sirategy
profile:

Select (A, X)) in the Tirst period and then, as long as player 2 does nol
deviate from X, select (A, Z) inthe second period; if plaver 2 deviated
by playing Y or Z in the first period; then play (B, Y) in the second
period.

This strategy profile prescribes that the players’ second-period actions depend
on what playver 2 did in peried 1. By playing X in the first period, plaver 2
establishes a reputation for cooperating: in this case, he is rewarded 10 the
second period as the players coordinate on the stage Nash profile that 1s maore
tavorable to him. On the other hand, if player 2 deviates by, say, choosing Z in
the first period, then he s branded 3 “cheater.” In this case. his punizshment i3
that the players coordinate on (B, Y) in the second period.

To venfy that this strategy profile is a subgame perfect equilibrium, we
must check each player’s incentives. Suppose player 1 behaves as prescribed
and consider the meentives of player 2. 1f player 2 goes along with the stiutegy
preseription, he obtains 3 in the first period and 4 in the second period. If
player 2 deviates in the first period, he can increase his first-period payoff to 4
(by picking Z}. However, this choice induces player 1 to select B in the second
period, where player 2 then best responds with Y. Thus, although a first-period
deviation yields an immediate gain of 7, it costs 3 in the second period (4 — 1),
This shows that player 2 prefers to behave as presenbed. For his part, player |
has the incentive (o go along with the prescription for play; deviating in either
peried reduces player 175 payoff, The payoff vector for this subgame perfect
equilibrium is enclosed by a pentagon in Figure 22.2(b).

Although the equilibrium construction is a bit complicated. it really is in-
tuitive. Player 2's concern about his reputation and what it implies for his
second-period payof! gives him the incentive to forego a short-term gain. IFhe
misbehaves in the first period, his reputation 15 destroved and he then suffers
in the second period.

Any two-period repeated game can be analyzed as has been done here.’
Only stage Nash profiles can be played in the second period. However, some-
times reputaiional equilibria exist whereby the players select nonstage Nash
profiles in the first period. These selections are supported by making the
second-period actions contingent on the outcome in the first period (in partic-
ular, whether the players cheat or not). The exercises at the end of this chapter
will help you better explore the reputstion phenomenon,

A genaral analysis of finitely repeated pames is reported i “Finilely Repeoted Gammen.” by 4. 1) Benoal and
YW, Brishne, Ecepomerricg 53 19851905922
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